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7. TRIANGLES (notes)
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CHAPTER

1. A closed figure formed by three intersecting lines is called a triangle.
2. Atriangle has three sides, three angles and three vertices.

3. AB, BC, CA are the three sides, £ A, £ B, 2 C are the three angles and A, B, C

are three vertices
4. Triangle ABC, denoted as A ABC A
5. Median:A median connects a vertex of a triangle to the mid-point of

the opposite side.

6. congruent figures: The figures that have the same shape and size are B
called congruent figures
Ex: (i) Two circles of the same radii are congruent
(ii) Two squares of the same sides are congruent.
7. The two triangles are congruent If the sides and angles of one triangle are equal to the
corresponding sides and angles of the other triangle.
8. IfAPQRis congruent to A ABC, we write A PQR = A ABC.
9. FDo AB,DE<~ BCandEF+~ CAandF< A D« BandE < C .So, A FDE = A ABC.
10. Congruent triangles corresponding parts are equal and we write in short ‘CPCT’ for
corresponding parts of congruent triangles.
Criteria for Congruence of Triangles
(SAS congruence rule) : Two triangles are congruent if two sides and the included angle of one
triangle are equal to the two sides and the included angle of the other triangle
SAS congruence rule holds but not ASS or SSA rule.
Exp 1:In Fig. 7.8, 0A = OB and OD = OC. Show that (i) A AOD = A BOC and (ii) AD || BC
Sol: (i) In A AOD and A BOC
OA = OB (Given)
0D = 0OC (Given)
£ AOD = £« BOC (Vertically opposite angles)
A AOD = A BOC (by the SAS congruence rule)
(ii) Since A AOD = A BOC
£ 0AD = £ OBC (CPCT)

Alternate interior angles are equal

- AD || BC

BALABHADRA SURESH-AMALAPURAM-9866845885 Page 1




Example 2 : AB is a line segment and line [ is its perpendicular bisector. If a point P lies on 1, show that
P is equidistant from A and B.
Sol: lis perpendicular bisector of AB
A PCA and A PCB.
AC = BC ( Cis midpoint of AB)
£PCA = 2PCB = 90° (1L AB)
PC = PC (Common)
So,APCA = APCB (SAS congruence rule)
PA = PB (CPCT)

I}

v

ASA congruence rule : Two triangles are congruent if two angles and the included side of one
triangle are equal to two angles and the included side of other triangle.

AAS and SAA are same as ASA congruence rule.

Example 3 : Line-segment AB is parallel to another line-segment CD. O is the mid-point of AD (see Fig.
7.15). Show that (i) AAOB = ADOC (ii) O is also the mid-point of BC.

Sol: In A AOB and A DOC. c D

£ ABO = £ DCO (Alternate interior angles)
OA = 0D (Given)
£ AOB = £ DOC (Vertically opposite angles)
..AAOB = ADOC (ASA rule)
OB = 0C (CPCT)
So, O is the mid-point of BC.

EXERCISE 7.1

1. In quadrilateral ACBD, AC = AD and AB bisects < A (see Fig. 7.16). Show that A ABC = A ABD.
What can you say about BC and BD?

Sol: In AABC and AABD //Xﬁx\
AC = AD (Given) \H
2 BAC = £ BAD (AB bisects 2 A) Y, » B
AB=AB (Common) \\

A ABC = A ABD (SAS congruency rule)

BC=BD( CPCT)
2. ABCD is a quadrilateral in which AD = BC and « DAB = « CBA (see Fig.
7.17). Prove that
(i) A ABD = A BAC (ii) BD = AC (iii) « ABD = £ BAC.
Sol: (i) In A ABD and A BAC
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AD = BC (Given)
£ DAB = « CBA (Given)
AB=AB (Common)
A ABD = A BAC (SAS congruence rule)
(ii) A ABD = ABAC = BD = AC (CPCT)
(iii) A ABD = A BAC = £« ABD = 2 BAC (CPCT)
3. AD and BC are equal perpendiculars to a line segment AB (see Fig. 7.18). Show that CD bisects AB.
Sol: In AOAD, AOBC B s
~0AD = ~0OBC = 90° (Given)
ZAOD = <BOC(Vertically opposite angles)
AD=BC (Given)
AOAD=AOBC  ( AAS congruence rule)
0A=0B
.. CD bisects AB.

)

4, [and m are two parallel lines intersected by another pair of parallel lines p and q (see Fig. 7.19).
Show that A ABC = A CDA.
Sol: In AABC and ACDA

<BAC = ZDCA( p||lq, Alternate interior angles)
AC=AC( Common)

<BCA = ADAC (l||m, Alternate interior angles)
AABC =ACDA (By ASA congruence rule)

5. Line lis the bisector of an angle 2 A and B is any point on l. BP and BQ are perpendiculars from B
to the arms of £ A (see Fig. 7.20). Show that: (i) A APB = A AQB (ii) BP = BQ or B is equidistant
from the arms of 2 A.

Sol: (i) In AAPB and AAQB

<BAP = ~BAQ( lis the angle bisector of £A)
AB=AB( Common)

~APB = ~AQB = 90°

A APB =A AQB (By ASA congruence rule)

(ii) A APB =A AQB

BP=BQ (By CPCT)

B is equidistant from the arms of 2 A
6. InFig.7.21, AC = AE, AB = AD and 2 BAD = £« EAC. Show that BC = DE.
Sol: £ BAD = £ EAC (Given)

ZBAD + ZDAC = ZEAC +2/DAC

BALABHADRA SURESH-AMALAPURAM-9866845885 Page 3




£ BAC = £ DAE—>(1)

In ABAC and ADAE

AB = AD (Given)

£ BAC = £ DAE (From (1))

AC = AE (Given)

ABAC = ADAE (By SAS congruence rule)
= BC = DE (By CPCT) B D

7. ABisaline segment and P is its mid-point. D and E are points on the same side of AB such that «
BAD = £ ABE and < EPA = « DPB (see Fig. 7.22). Show that (i) A DAP = A EBP (ii) AD = BE

Sol: « EPA = « DPB (given)

¢ EPA+2£DPE = 2 DPB+4DPE

.2APD=/BPE —(1)

In AAPD and ABPE

£ BAD = £« ABE (Given) A B

AP=BP ( P is midpoint of AB)

£APD=/BPE (From (1))

A APD = ABPE (By ASA congruence rule)

~ AD = BE (By CPCT)

[

8. Inright triangle ABC, right angled at C, M is the mid-point of hypotenuse AB. C is joined to M and
produced to a point D such that DM = CM. Point D is joined to point B (see Fig. 7.23). Show that:

(i) AAMC = ABMD (ii) « DBCis aright angle. (iii) ADBC = A ACB (iv) CM = %AB
Sol: (i) In A AMC and A BMD D \
AM=BM (M is midpoint of AB)
Z AMC=/ BMD (Vertically opposite angles)

DM = CM (Given) M

..A AMC = A BMD (By SAS congruence rule)
(i) A AMC = A BMD
ZACM=/BDM (By CPCT)

Alternate interior angles are equal

. DB|| AC

/DBC +ZACB=1800° (co-interior angles are supplementary)
Z/DBC+90° =180°( Given ZACB=900 )

..ZDBC=90°

(iii) InADBC and A ACB
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DB=AC (A AMC = A BMD)

/DBC=ZACB =909

BC=CB( common)

ADBC = A ACB (By SAS congruence rule)
(ivyADBC = AACB

AB=DC (by CPCT)

AB=2 CM (CM=DM)

1
CM ==AB
2

Some Properties of a Triangle
Theorem 7.2 : Angles opposite to equal sides of an isosceles triangle are equal.
Sol: AABC is an isosceles triangle in which AB=AC

Draw AD is angle bisector of ZA

In A BAD and A CAD

AB = AC (Given)

£ BAD = £« CAD (By construction)
AD =AD
So, A BAD = A CAD (By SAS rule)
2B = 2C (CPCT)

(Common)

Theorem 7.3 : The sides opposite to equal angles of a triangle are
equal.
Proof: In AABC, Z/B=«C

Draw AD is angle bisector of ZA

In A BAD and A CAD

/B=/C (given)

£ BAD = £« CAD (By construction)

AD = AD (Common)

So, A BAD = A CAD (By AAS congruence rule)
AB = AC ( by CPCT)

.

Example 4 : In A ABC, the bisector AD of £ A is perpendicular to side BC (see Fig. 7.27). Show that AB

= AC and A ABC is isosceles. .
Sol: In AABD and AACD, -3\
£ BAD = £ CAD (Given) /1 \
AD = AD (Common) /‘j \x\
£ ADB = 2 ADC = 90° (Given) / \
g/ M\
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So, A ABD = A ACD (ASA rule)

So, AB = AC (CPCT) or, A ABC is an isosceles triangle.
Example 5 : E and F are respectively the mid-points of equal sides AB and AC of A ABC (see Fig. 7.28).
Show that BF = CE.
Sol: In A ABF and A ACE,

AB = AC (Given)

2 A =2 A (Common)

AF = AE (Halves of equal sides)

So, A ABF = A ACE (SAS rule) Therefore, BF = CE (CPCT)

Example 6 : In an isosceles triangle ABC with AB = AC, D and E are points on BC such that BE = CD
(see Fig. 7.29). Show that AD = AE.
Sol: In A ABE and A ACD,
AB = AC (Given)
£ B =« C (Angles opposite to equal sides)
BE = CD (Given)
So, A ABE = A ACD (SAS congruence rule)
=AE = AD (CPCT)

EXERCISE 7.2
1. In anisosceles triangle ABC, with AB = A(, the bisectors of 2 B and £ C intersect each other at O.
Join A to O. Show that : (i) OB = OC (ii) AO bisects A

Sol: (i) In AABC, The bisectors of 2 B and « C intersect each other at O
LOBA = £0BC = §4ABC and 2£0CA = £0CB = %AACB

Given AB = AC
= £ABC = £ACB (Angles opposite to equal sides)

1 1
= ELABC = ELACB = £L0BC = £0CB

InAOBC ,£0BC = £0CB

= OB = 0OC (Sides opposite to equal angles) — (i)
(ii))AOAB and AOAC

0A=0A( Common)

AB=AC (Given)

OB =0C (From (i))

AOAB = AOAC (5SS congruence rule)

= £0AB = 20AC (CPCT)
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= AO bisects £A
2. In A ABC, AD is the perpendicular bisector of BC (see Fig. 7.30). Show that A ABC is an isosceles
triangle in which AB = AC.
Sol: In AADB and AADC
AD = AD (Common) \
£ADB = £ADC = 90°(AD 1 BC)
BD = DC( AD is bisector of BC)
AADB = AADC (SAS congruence rule)
= AB = AC (CPCT) Y

3. ABCis an isosceles triangle in which altitudes BE and CF are drawn to equal sides AC and AB
respectively (see Fig. 7.31). Show that these altitudes are equal. R
Sol: A ABC s an isosceles triangle. AB=AC
In AAEB and AAFC
£A = £A (Common angle)
£AEB = £AFC =90° (BE L ACand CF L AB)
AB = AC( Given)
AAEB = AAFC (AAS congruence rule)
= BE = CF (CPCT)
4, ABCis atriangle in which altitudes BE and CF to sides AC and AB are equal (see Fig. 7.32). Show
that
(i) A ABE = A ACF (ii) AB = A(, i.e, ABC is an isosceles triangle.
Sol: In A ABE and A ACF A

£A = £A (Common angle)

£AEB = £AFC =90° (BE L ACand CF L AB)

BE = CF( Given)

A ABE = A ACF (AAS Congruence rule) B
(i) AABE = A ACF

= AB = AC (CPCT)

AABC is an isosceles triangle.
5. ABC and DBC are two isosceles triangles on the same base BC (see Fig. 7.33). Show that 2 ABD =
£ACD '
Sol: In A ABD and A ACD
AB = AC (Given)
BD = CD(Given)
AD = AD (Common side)
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A ABD = A ACD (SSS Congruence rule)
= Z/ABD = ZACD(CPCT)
6. AABC s an isosceles triangle in which AB = AC. Side BA is produced to D such that AD = AB (see
Fig. 7.34). Show that £ BCD is a right angle.
Sol: InAABC ,AB = AC
= £ABC = 2« ACB = x (Angles opposite to equal sides are equal)
In A ADC,AD = AC

= £ ACD = £ ADC =y (Angles opposite to equal sides are equal) D
¢BCD = £ZACB+ 2ACD =x +y
In ABDC, Y

£ABC + £ADC + £BCD = 180° (Angle sum property of a triangle)
x+y+ (x+y)=180°

y
2(x +y) = 180° x
0 B C
(x+y)= = 90°
£BCD =90°

7. ABCis aright angled triangle in which 2 A = 90° and AB = AC. Find « B and 4 C.
Sol: In AABC,AB = AC

= £C = £ B = x (Equal sides opposite angles are equal)

£A + £B + £C = 180° (Angle sum property of a triangle)

90° + x + x = 180°

2x =90°
900
=_—— =450
=5

4B = 2£C=45"
8. Show that the angles of an equilateral triangle are 60° each.
Sol: Let AABC is an equlateral triangle
= AB = BC = AC
= £A = £B = £ C = x (Equal sides opposite angles are equal)
LA+ 4B+ £C=180°
=>x+x+x=180°

= 3x = 180°
180°
=>x= 3= 60°

So, each angle of an equilateral triangle is 60°

SSS congruence rule:
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If three sides of one triangle are equal to the three sides of another triangle, then the two triangles
are congruent

RHS congruence rule:

If in two right triangles the hypotenuse and one side of one triangle are equal to the hypotenuse and
one side of the other triangle, then the two triangles are congruent.

Example 7 : AB is a line-segment. P and Q are points on opposite sides of AB such that each of them is

equidistant from the points A and B (see Fig. 7.37). Show that the line PQ is the perpendicular bisector

of AB.

Sol: In A PAQ and A PBQ. A
PA=PB(Given) / \
AQ=BQ(Given) \\\ 7 :
PQ=PQ(Common) % P4
A PAQ = A PBQ (SSS rule) \ ’

£ APQ = £ BPQ (CPCT) = £ APC = «BPC - (1) ..

In APACand A PBC.

AP = BP (Given)

£ APC = £ BPC (From (1))

PC = PC (Common)

A PAC = A PBC (SAS rule)

AC = BC (CPCT) - (2)

£ ACP = £« BCP (CPCT)

£ ACP + 2 BCP = 180° (Linear pair)

22 ACP = 180°

£ ACP = 90° - (3)

From (2) and (3)

PQ is perpendicular bisector of AB
Example 8 : P is a point equidistant from two lines 1 and m intersecting at point A (see Fig. 7.38). Show
that the line AP bisects the angle between them.
Sol: LetPB L], PC L m.Itis given that PB = PC

In A PAB and A PAC

£ PBA = 2 PCA =90° (Given)

PA = PA (Common)

PB = PC (Given)

A PAB = A PAC (RHS rule)

£ PAB = 2 PAC (CPCT)
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1.

Sol

2.

Sol:

3.

Sol:

AP bisects the angle between I and m
EXERCISE 7.3

A ABC and A DBC are two isosceles triangles on the same base BC and vertices A and D are on the
same side of BC (see Fig. 7.39). If AD is extended to intersect BC at P, show that
(i) AABD = A ACD (ii) A ABP=: A ACP (iii) AP bisects 2 A as well as 2 D. (iv) AP is the
perpendicular bisector of BC.
: ({)In AABD and AACD

AB = AC (Given)

BD = CD(Given) A

AD = AD (Common)

AABD = AACD (SSS rule) D

£BAD = £CAD (CPCT)

i.e £BAP = £CAP - (1) B = (

(ii) A ABP= A ACP (iii) From (1) and (2)

AB = AC (Given) AP bisects £ Aaswellas £ D

£BAP = £CAP ( From (1)) (iv) 2APB + £APC = 180°(Linear pair)
AP = AP (Common) From (2) ;2APB = £APC

A ABP = A ACP (SAS rule) ~ £APB = £APC = 90° - (5)

£APB = £APC(CPCT) - (2) (iv) From (4) and (5)

i.e zDPB = 2DPC - (3) AP is the perpendicular bisector of BC.
Also BP = PC (CPCT) - (4)

AD is an altitude of an isosceles triangle ABC in which AB = AC. Show that (i) AD bisects BC (ii)
AD bisects £ A.
In AADB and AADC
AB = AC( Given)
£ADB = £ADC = 90° (AD L BC)
AD = AD(Common)
AADB = AADC (RHS Congruence rule)
BD=CD (CPCT)
Hence, AD bisects BC
£BAD = 2CAD (CPCT)
AD bisects 2A
Two sides AB and BC and median AM of one triangle ABC are respectively equal to sides PQ and
QR and median PN of A PQR (see Fig. 7.40). Show that (i) A ABM = A PQN (ii) AABC = APQR
In AABC, AM is median
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1
BM = CM=§BC

In APQR, PN is median

1
QN = NR = QR

Given BC=QR
1BC _1 R
2 - 2 Q b

BM = QN - (1)
(i) A ABM = A PQN
AB = PQ(Given)
AM = PN(Given)

BM = QN (From(1)) (ii) In A ABCand A PQR
AABM = APQN (SSS rule) AB = PQ(Given)
BM = QN - (1) £ABC = £PQR(From(2))
2ABM = £PQN (CPCT) BC = QR (Given)
2ABC = £PQR - (2) AABC = A PQR (ASArule)
4, BE and CF are two equal altitudes of a triangle ABC. Using RHS congruence rule, prove that the
triangle ABC is isosceles. A
Sol: InABECand A CFB A
£ BEC = £ CFB = 90°(BE and CF are two altitudes)
BC = BC (Common) B’ *C

BE = CF (Given)

ABEC = A CFB (RHS rule)

£BCE = «CBF (CPCT)

i.e, /ZBCA = 2CBA

AB=AC (Sides opposite to equal angles are equal)

Hence, AABC is isosceles triangle.
5. ABCis an isosceles triangle with AB = AC. Draw AP 1 BC to show that 2B =2 C.
Sol: In AAPB and AAPC

2APB = £APC =90° A

AB = AC

AP = AP (Common)

AAPB = AAPC (RHS rule)

4B = «C (CPCT)
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